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WEAK RATIONAL ERGODICITY DOES NOT IMPLY 
RATIONAL ERGODICITY 


TERRENCE M. ADAMS AND CESAR E. SILVA 

Abstract. We extend the notion of rational ergodicity to (3- 
rational ergodicity for /3 > 1. Given ^ S R such that /3 > 1, we 
construct an uncountable family of rank-one infinite measure pre¬ 
serving transformations that are weakly rationally ergodic, but are 
not /3-rationally ergodic. The established notion of rational ergod¬ 
icity corresponds to 2-rational ergodicity. Thus, this paper answers 
an open question by showing that weak rational ergodicity does not 
imply rational ergodicity. 


1. Introduction 

In this paper we consider ergodic properties of invertible, infinite 
measure-preserving transformations on cr-finite, nonatomic, Lebesgue 
measure spaces. As is well known, the averages in the ergodic theo¬ 
rem, for ergodic inhnite measure-preserving transformations, converge 
to 0. In 1977, Aaronson [Aar 77] introduced the notion of weak ra¬ 
tional ergodicity, where an ergodic average for a certain class of sets 
converges to the expected limit, similar to the case of hnite invariant 
measure. Aaronson also dehned in the same article the notion of ratio¬ 
nal ergodicity and proved that rational ergodicity implies weak rational 
ergodicity but left the question of equivalence open. In this paper we 
dehne for each real number (3 > 1 a. notion of /3-rational ergodicity, 
with 2-rational ergodicity agreeing with the usual rational ergodicity. 
We then construct examples, for each > 1, of /9-rationally ergodic 
transformations which are not weakly rationally ergodic. Thus in par¬ 
ticular we show that weak rational ergodicity does not imply rational 
ergodicity for inhnite measure-preserving transformations. 
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Let /9 be a real number and assume that /9 > 1. A transformation 
T is said to be /9-rationally ergodic if it is conservative ergodic and 
there exists a set F of positive hnite measure such that 


lim inf 

n^oo 


fF(Ei=o lF{T^x)fd^i 


> 0 . 


The notion of rational ergodicity in |Aar77j corresponds to 2-rational 
ergodicity. A direct application of Holder’s inequality shows that if 
/92 > /9i > 1, and T is /92-rationally ergodic, then T is /3i-rationally 
ergodic. Furthermore, T is said to be weakly rationally ergodic 
[Aar77] if it is conservative ergodic and there exists a set F of positive 
hnite measure such that, if we set an{F) = fl T*’F)//i(F)^, 

then 

-l n—1 

—iF 

n^ooan[F) ^ 
for all measurable A,B<zF. 


2. Construction of the Examples 
Let kn,in, and be sequences of natural numbers. 

2.1. Initialization. Let Jq be an interval with positive length. Cut 
Co = Jo into ko subintervals of equal length. Label the subintervals 
Co{i) for 0 < z < ko- Stack Eq subintervals on top of Co{i) for 0 < 
i < ko — I to form ko — I subcolumns of height £0 + 1- Label these 
subcolumns Co{i) for 0 < z < /cq ~ 1- Stack the subcolumns Co(z) for 
0 < z < from left to right to form a single sub column Co of height 

{ko — l)(f'o + !)• Let Co{ko — 1) = Co{ko — 1), which is a subcolumn of 
height 1. We have that both bases of towers Cq and Co{ko — 1) have 
the same measure: 

p(Co(fco-l)) = /i(Co(0)) = ^/z(/o). 

ko 

Cut each subcolumn Co and Co{ko — 1) into mo subcolumns and stack 
from left to right. In particular, let Co(z, j) be the subcolumn of 
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Co(i) for 0 < j < mo- Thus, as measurable sets, 

kg—2 mo —1 

0 = U U 

i=0 j=0 

and 

mo —1 

Co(ko - 1 ) = Co(ko - 1 ) = U Co(ko - l,j). 

j=0 

Stack the Co(ko — 1) subcolumn of width l/rrioko on top of the Cq 
subcolumn of the same width to form a single column of height mo{ko — 
l)(f'o + 1) + iRo- Place mo(/co — l)(f'o + 1) + spacers on top to form 
column Cl of height 

hi = 2mo{ko - 1)(4 + 1) + 2mo. 

2.2. General Step. Let Cn be a column of height h„. Use the same 
procedure as above to cut Cn into kn subcolumns of equal width. Sep¬ 
arate the subcolumns into the first — 1 subcolumns and the last 
subcolumn. Add C subintervals on top of the hrst kn — I subcolumns, 
and then stack from left to right to form a single subcolumn of height 
(h„ -f ln){kn — 1). For the last subcolumn of height /i„, cut into 
subcolumns of equal width and stack from left to right. Also, cut the 
hrst subcolumn of height {hn + C){kn — 1) into subcolumns of equal 
width and stack from left to right. This produces two subcolumns of 
equal width. Stack the shorter subcolumn on top of the taller subcol¬ 
umn, and add an equal number of spacers to form a single column Cn+i 
of height: 

hn+l — 2?Tln(/lfi -|- ^n){kn f) T ^TTlnhn- 
Also, set Hn = hn + in- 

As in the initialization, let Cn{i) be the subcolumn from cutting 
Cn into kn subcolumns of equal width. Let Cnii) be the subcolumn 
including the in spacers added on top of Cnii) for 0 < i < — 1. Set 

Cnikn ~ 1) = Cnikn — !)• Finally, let Cnii,j) be the subcolumn of 
Cnii) for 0 < j < nin- For a given sequence v = (un) = ikn, in,'>Tin), 
this procedure produces a a-hnite measure preserving transformation 
T^-X^X where X = [j^i Cn- 
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Suppose L is the union of all subintervals added throughout the con¬ 
struction. Then X \ L = Iq q has hnite fi measure, and the induced 
transformation {T^)x\l is ergodic and rank-one. For convenience, set 
h(-^o,o) = 1 and let T„ denote the probability preserving invertible trans¬ 
formation obtained by inducing T„ on the set X\L. Also, let hn be the 
tower height of the rank-one transformation corresponding to the 
tower of height for T^. 


2.3. a-family. Given a real number x, let [xj = max{£ G N : £ < x}. 
In this section, we restrict v = {km^rD^n) such that the collection of 
transformations T„ gives a sufficiently rich class of counterexamples. 
Let q; G M be such that 0 < o; < 1. Dehne the class Vk of inhnite 
measure preserving transformations snch that 


Va = {T„ : n 


(n + 1, lim 

n^oo 



0 }. 


Dehne the collection 

\J V^. 

0<o<l 

For n G N, Cn{kn — 1) is the last snbcolumn of Cn- It is cut into 
subcolumns of equal width, and labeled Gn(/cn — 1, j) for 0 < j < m„. 
Dehne 

rrin — l 

Dn= IJ Cn{kn-l,j). 

j=[n“J 


3. Main Results 


In this section, we state our main results, and give the proofs in 
the following two sections. The collection V provides all the necessary 
counterexamples, including a solution to the question of whether weak 
rational ergodicity implies rational ergodicity. 

Theorem 3.1. Each transformation T E V is a weakly rationally er¬ 
godic infinite measure preserving transformation. 


Theorem 3.2. Suppose a,/? G M such that 0 < a < 1 and a/3 > 1. If 
T G Va, then for every set F of positive finite measure, 


lim inf 

n—>-oo 


(SpY.'iS n(T'x)di,f 

lAEfX n(T‘x))i>d,, 


0. 
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In other words, T is not jl-rationally ergodic. 

Corollary 3.3. For each /3 > 1, there exists an infinite measure pre¬ 
serving transformation T such that T is weakly rationally ergodic, but 
not (3-rationally ergodic. 

Proof. Given /3 > 1, choose a < 1 such that aft > 1. Let T be any 
transformation in Va C V. By Theorem 13.11 T is weakly rationally 
ergodic, and by Theorem 13.21 T is not /5-rationally ergodic. □ 

Corollary 3.4. There exist infinite measure preserving transforma¬ 
tions T that are weakly rationally ergodic, but are not rationally er¬ 
godic. 

Proof. Apply Corollary IQ with (1 = 2. □ 


4. Weakly Rationally Ergodic Examples 

To establish weak rational ergodicity, we set F = Iq. Given N & N, 
dehne 

N-l 


aAr(a) = ^ /i(F n TfP). 


i=0 


Let z, n G N be such that 0 < z < n, and Fn{i) = F P Cn{i). Dehne 


N-l 


t'N(a) = E [f'T n r:F„(n)) + n TiF)]. 


i=0 


Lemma 4.1. Suppose G G N such that 0 < < hn+i for n E N. For 

« ^ (0,1), 

bf (a) 

lim , = 0. 

Proof. Let T G Vf, and Fn{i,j) = Fr\Cn{i, j) for n G N. First, suppose 
tn < mnhn- Let Pn = and let 

kji 2 Pn 

Gn= [j \jFn{t,j). 

i=0 j=0 

Suppose r G N such that 0 < r < mnhn — Hn- Then for 0 < z < n and 
0 < j < Pn, 

Hn—l hn—l 

fi{Gnnr^^Fn{t,j)) = KFnr^^Fn{n,0)). 


t=0 


t=0 
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Also, for r G N such that hn <r < Hn and n sufficiently large, 


/x(FnT*F4n,0)). 

t=0 t=0 


Thus, for n sufficiently large. 


r —1 

Y,^^{Gnr\T^Gr^ > 

t=0 

> 


> 


> 


i4F n r*F„(n, 0)) 

t=0 

^5:V(FnT*F>,o)) 

t=o 

hn 1 

lY.F(FnT‘FJn)) 

t=0 

hn 1 

6y^n)§'‘<^nUF„(„)). 


Since 


lim 

n—>-oo 


6(n" + 1) 

n 


0 , 


then our lemma holds for hn < tn < Hn- Similarly, it holds for 0 < 
tn < Hn- To establish for Hn < H < mnhn, let tn = QnHn + Tn where 
G N and 0 < < Hn- Then 


tn — 1 

(1) E fxiGn n T^Gn) 

t=0 


(2) 


rn — l 

Y,hiGnnT^Gn) 

t=0 

Qn 1 Hn — 1 

EZ fx{Gn n 

q=0 t=0 
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We already established our lemma for ([T]), so we now handle 

(Jn 1 Hji — 1 

t=0 

Qn 1 Hji — 1 kji — 2 'Pn 1 

= Z E E E'*(c»nr‘+«""+’'-F„(i,i)) 

t=0 i=0 j=0 

Qn 1 hn — 1 Tl —1 Pn 1 

= EEEE 

q=0 t=0 i=0 j=0 

Qn 1 hn — 1 

= ^ ^ np„/r(FnT*+^'*"+^"F„(n,0)) 

q=0 t=0 
Qn 1 hn — 1 


rirrir, 


- ^ ^ ‘lin^ + 1) 

q=0 t=0 ^ ^ 


Qn 1 Hn — 1 


n 


- ^ ^ 2{n°^ + 1) 

q=0 t=0 ^ ^ 


n“ + l)fi{F n 0)) 




tn-l 


n 


^ 2(n" + 1) 

i=r„ ^ ^ 


/i(Fnr*F„(n)) 


Once again, since 


2(n“ + 1) 

lim ^^ = 0, 


n—>-oo 77, 

then our lemma is established for 0 < < Hinhn- 

Note that /x(F O T^Fn{n)) = 0 for < t < h^+i — rrinhn- If 

tn > hn+i — Hinkn, the partial sum 

tn-i 

fi{FnrFn{n)) 

i'—hn-^l ^FLn hn 

may be handled in a similar manner as above. Also, the case of /i(T*Fn 

Fn{n)) follows in a similar way. This completes the proof of our lemma. 

□ 


Lemma 4.2. Let T G W such that 0 < a < 1. Also, let F = Iq and 
A, B C F be measurable. Suppose tn = QnHn such that 1 < tn < hn+i 
for n G N. // 


hnQnif^ 


Qn 


2{n + l)m„ 
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then 

-I 1 

lim — V n TB) = 

n^oo at ^^ 
i=0 

Proof. This lemma may be proven using a counting argument on the 
kn^rin = (n + l)m„ sub columns comprising Cn- By Lemma 14.11 we 
may assume A n Cn{n) = 0 and B fl Cn{n) = 0. In this case, we may 
disregard i > (n + in the summation, since ^{A fl T*i?) = 0 

for hn+i > i > (n + In the above summation, each of the hrst 

(nm„ — qn) subcolumns, produces on average approximately weight 


qnhnti{A)^i{B) 

{n + l)m„ 

The next {qn — 1) subcolumns produces an approximate total weight 

Lkahb). 

2{n + 

Therefore, the total weight is approximately 

(2nm„ -2qn + qn-l) 


hnQnp(^A') qti(^Bf 


2{n + l)m„ 
hnqnP{A)^{B){l 


2(n + l)m, 


-)• 


□ 


The previous lemma gives a formula for at for certain values of t G N. 
Here we show how to dehne at for all t sufficiently large. Given t G N, 
choose n G N such that < t < hn+i- Write t = qH^ + r such that 
0 < r < Hn- To obtain the value of a*, we separate into three cases 
based on the value of r: 


(1) r <t Hji 

(2) r < hn, 

(3) r>Hn- hn. 
Case [It Dehne at as 


at = qhn{l 


^ ^ , If, 

2(n + l)m„^ 2 


Case [2t Let r = q'Hn-i + r' where 0 < r' < Hn-i- Dehne at as 


at = qhn{l 


2{n + l)m, 


-) + q'hn-i{^ 


q' 


2nmn-i 


)• 
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Case [3t Let Hn — r = q"Hn-i + r” where 0 < r" < Hn-i- Define at as 


at = {q + l)hn{l-' 


Q 


-) -q"- ■ 


q 




Q 


2(n + l)m„^ ^ 2nmn-i^^ {n + l)mn^ 

Theorem 4.3. Fix a G (0,1). Let T G Va, F = Iq and A, B C F be 
measurable. Suppose at is defined as above for t eN. Then 


lim — nT'^B) = pi{A)pi{B). 

t^oo at ^' 

' i=0 

Proof. By passing to a subsequence, we may assume each of q, r, q', r', g", r 
tends to oo or is bounded. For case [H separate at = bt + Ct where 
bt = qhnil - 2(n+\)mJ ^nd Q = ThuS, 

(3) 

-J2TiAnrB) = 

i=0 

7 -| Q^n-l .. r-1 

(4) V /iUnrs) + --V/iMnT''^"+*5) 

at bt at Ct 

^ ^ i=0 ^ ^ i=0 

If q = q(t) -E- oo a.s t ^ oo, then Ct/at —?• 0 as t —)■ oo, and we can 
disregard the second half of (jl]). In this case, our theorem follows from 
applying Lemma [4.21 to the first half of (jl]). Otherwise, the first half of 
dlj) is approximated by 

-KAUB). 

at 

For case (H most blocks of height hn move forward into the spacers 
added to Cn under T^. Since the blocks do not return to its neighboring 
block due to the spacers, then we get half of the intersection that would 
occur under Note, due to symmetry. 


2=0 2=0 
Thus, the second half of (|1|) is approximated by 

-KAHB). 

at 

Hence, for case (H 


1 f t 

lim — qi{AnT^B) = fr{A)fr{B). 

t^oo at 

2=0 
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For case ([2]), if r = 0, then our theorem holds by LemmaS21 Likewise, if 
r is bounded, our theorem holds again by Lemma 1^^ If q = — 

—^), and r = + r', then q' bounded implies Ct/at —)■ 0. 


Otherwise, 


r—1 


(5) -5^/i(Lin rpirpqH-a 


Ct 


i=0 


q'Hn -1 — 1 r' — l 

( 6 ) =- 

1=0 i=0 

By the previous argument, we can disregard the second half of ([6]), and 
hence, 

1 

(7) 


lim - V/i(kl n TT^^-B) = ii{A)^i{B). 

Ct “ 

2 = 0 


For case [31 let 

^ t-i ^ 1-1 

5^ n T‘i?) = ^ n T-B) 


dt 


i=0 


i=0 


bt 1 
{bt - Ct) bt 


{q-\-l)Hn — 1 


f( 71 n TT^^-B) - ^ qt{A O 


H„-l 


i=0 


ibt-ct)ct j- 


where h = {q + l)hn{l - 2 (n+l)mJ and Q = g"h„_l(l - 2 ;^){l - 
(n+i)m ) • If ? oo as f —)■ oo, then Ct/bt —)■ 0 as f —)■ oo and our result 
follows. Otherwise, 

.. Hn-l ^ Hn-r-1 

lim - V /x(kl n = lim - V fi{A O 

1—>-oo Ct t=too Ct 

i=r i=0 

=fi{A)fi{B) 

and our proof is complete. □ 

By setting at{F) = at, Theorem l4.3l clearlv implies Theorem 13.II There¬ 
fore, we have established that each T E V is weakly rationally ergodic. 


5. Non-Rationally Ergodic Examples 

Suppose a, (3 eM. such that 0 < a < 1 and a/? > 1. In this section, we 
prove for each T E Va, T is not /9-rationalIy ergodic. We note that there 
are many examples that have been shown to be rationally ergodic, see 
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e.g. |Aar97] . In particular, rank-one transformations with bounded cuts 
have been shown to be rationally ergodic |DGPS] . See also |AKW13l 
IBSS'*'15] . Maharam transformations are not weakly rationally ergodic 
|Aar77] . though they are not rank-one |BSS'*~15j . 

Before we prove the main theorem, we state and prove the following 
basic lemma. 


Lemma 5.1. Let T be an invertible infinite measure preserving ergodic 
transformation. Suppose for each set F of positive finite measure, there 
exists a seguence G hJ and Fn G F of positive measure such that 
pi{Fn) —)• 0 as n —)■ oo and 


lim sup 


^F{T^x)d^ 


> 0 . 


Then T is not fi-rationally ergodic for each /3 > 1. 


Proof. Let /3 > 1 and 7 = Without loss of generality, by passing 
to a subsequence, assume there exist 7 > 0 such that for all n G N, 

A E‘ 5 ‘ iF(T‘x)di, 


yZip iF(T‘x)dii 


> T]. 


By Holder’s inequality. 


/ in 1 p in 1 

(Y,lF(T‘x))p^(x)di, < [ (J2lF(T-x))fd^Y/f‘i,(F„)^/ 

"’X i = 0 ''Fn j=0 


Thus, 

iJf„ Eia’ iF{T‘x)d^r 

SFST.PpF{T'x)fdp. 

Therefore, 




< (t) 


ijUSY:aiF{T^^))dTY 


fpiEilo dF(T^x)ydfi r] lF{T^x))hdfi 

V 


as n —)■ 00 . 


□ 


We will use the following lemma from |AS14] : we include the proof for 
completeness. 
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Lemma 5.2. (Mixing Lemma) Let (X, 7 ) be a probability space. Let 
Ei G X be a sequence of pairwise independent sets satisfying 

00 

5 ^ 7(^0 = oo- 

i=l 

Given any measurable set E G X and £ > 0, there exist infinitely many 
positive integers i such that 'y{E fl Ei) > {^{E) — e)'y{Ei). 


Proof: By squaring the integrand and applying independence, we get 
the following, 


„ 1 N 
'' i=l 


N N 


iV 2 


2=1 


2=1 


The Cauchy-Schwartz inequality implies 


V r ^ ^ 

- J2{y{E n E,) - 7 {Eh(E.))\ = I / (^ 

i=l i=l 




N 




Thus, 




E"iWSn£,)-7(B)7(B.))| , fEtiliEi) 

_ AT . - _ AT 


Ef=i7(i^*) 




0 


as N ^ 00 , since liEf) = 00 . Therefore, the lemma is established 
for every e > 0 . □ 


Now we are ready for the proof of our second main theorem. 


Proof of Theorem \3.Si Let a, (3 G M be such that 0 < a < 1 and 
afd > 1. Let E be any set of positive hnite measure. If we assume T 
is /9-rationally ergodic, then, by Lemma 15.11 there exist 5o > 0 and 
no G N such that if F' C F satishes /i(F') < (5o, then for t > no. 


If' J2l=UF{T^x)dfi 

lFT!ZUFiT^x)d^i 
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Let 6 = min{(5o, 1/10}. Choose N E N such that iV > | and there 
exists a union J of intervals in Cat such that 

fi{j) 

Let /xat be normalized probability measure on C^- It is straight¬ 

forward to see that the sets CNC]Cn{kn — l) are independent for n > iV 
and J2n=N /^^(C'Arn— 1)) = oo. Hence, by Lemma 15^ there ex¬ 
ists n > N such that 


/ijv(F n J n Cjv n - 1)) 

> Vl — 5^/iAr(F n J)iXn{Cn n Cn{kn — 1)) 

> (1 — (5^)/lAr( J)/lAr(C'Ar fl Cn{kn — 1)) 

= (1 - 5^)fXN{J n n Cn{kn - 1)) 


and such that both Hn > no and 

^4(1 - i)=(l - 5(5 - 2^22) 

(n+ 1 ) V /V rrin ^ 

The set J fl Cat fl Cnikn — 1) is a union of subintervals in the sub-tower 
Cn{kn — 1). Suppose J = J n Cat n Cnikn “ 1) = Uf=o wliere each 
J(i) is a sub interval in Cnikn — !)• Dehne 


G = {Jii) C J : fiNiJii) n F) > (1 - 5)/i(J(i))}. 


For convenience, associate G = Uj(i)GGThen /iv(G) > (1 — 
6)fiisfiJ). If g G N such that 0 < g < |_n“J, then for Jj, G G, 

hn — ^ I a I 

/i((F n J,) n ( M n 4 )) > (1 - 25 - ^)/i(J,). 

Thus, there exists a subset J* C Jj satisfying 

2lu" I 

MT;) > (1 - 45 - ^^)/i(T,) 

TTln 

such that for x G J*, 


Ln“J-l hn-1 

E E E nn*(n'*"+V) > 

Jk&G q=0 i=0 


p[n“J 


2 
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Hence, 


Ln“J-l hn-l 


n L'" J 'f-n -L 

/ (EE 

7./-/-» r,—r\ n 


Jfc€G q=0 2=0 


^ If Lyi 


This implies 


p Fn 1 Hfi 1 

/ (E iFirWii^ > E / (EE iFnAiVxyfdi, 

^2=0 7.^/^ ^i^n<77 7_ ,■—n 


JfcGG 2=0 


(9) 

Z iFjfi 

(10) >(h|!i).(i_M-lh!J)(i_,)^ 

2 (n +1) 

(11) > M - ^),(n 

(n + 1 ) 2 

Let J = J n Cn \ Cn{kn — 1) and Ufro Ji = J where each Jj is a 
subinterval m. Cn\Cn{kn — We have 

„ H„-l „ i4„-l 

(12) / . E (ra;)d/i < I Y1 F{Fx)dp 

J FDJ a n J -)■ n 


p-1 Hn-l p 

j=0 i=0 dx '■Jj 


lF{x)dfi 


p-1 

< =P^^{F). 

j=o 


Since /i(F \ J) < 6 < 6o, then 


lF{T'^x)djj, < 2pn{F). 


'P i=0 


Therefore, 

(IfE^P lFlrx)d/xf _ 2dpd^(Ff _ 

IfCEIV' iF(Vx)fdp. M(Elfi)e(i - 5^ - -^MF) 

(n+1) V /V rUn ' 
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Since 5 > 0 may be chosen arbitrarily small, this contradicts the as¬ 
sumption that T is /9-rationally ergodic and completes the proof of our 
theorem. □ 
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